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Abstract— In this paper, the chaos synchronization of four 

Nano quantum cascade lasers with optoelectronic feedback was 

investigated. The present system consists of two receiver lasers 

and two transmitters lasers. The rate equation model was 

modulated to study the effect of the Purcell factor F and the 

spontaneous emission factor because of their importance in a 

nanocavity. The results indicated that the suggested system, 

realize the chaos synchronization. Also, the nanocavity 

parameters F and β, have significant effect on the chaos 

synchronization quality and may lead to lose it. Furthermore, 

the results showed the weak effect of delay time on the 

performance of lasers. 

Keywords— Nano quantum cascade laser (NQCLs), 

transmitter laser, receiver laser, synchronization. 

I.     INTRODUCTION 

In recent years, the rapid advancement of nanotechnology 

and quantum mechanics has revolutionized the field of 

photonics, leading to the development of an array of 

innovative optical devices. One of the groundbreaking 

invention is the Nano Quantum Cascade Laser (NQCL). 

NQCL employs quantum cascade effect within nanoscale 

structures to emit coherent light in the mid-infrared spectrum 

[1-5]. Nano QCLs are semiconductor-based devices that 

utilize transitions between quantized energy states in ultra-

thin layers to achieve photon emission [6-10]. A key 

advantage of Nano QCLs is their abilities  to operate in the 

mid-infrared region, where numerous chemical compounds 

exhibit unique absorption characteristics. This feature 

enables a wide range of applications, including gas sensing, 

explosives detection, environmental monitoring, and 

biomedical diagnostics. The operation of a Quantum Cascade 

Laser  based on the concept of barrier height engineering 

[11-14]. Multiple quantum wells are stacked together in a 

cascaded structure, forming a potential energy ladder. 

Excitation of electrons from the ground state to higher 

energy states occurs within the active layer, and as electrons 

transit between quantum wells, they emit photons due to 

resonant tunneling [15,16] Nano QCLs have revolutionized 

several fields, such as gas sensing, medical diagnostics, 

laser-based manufacturing, and communication. As the 

understanding of nanoscale physics and quantum mechanics 

continues to develop, further advancements in Nano QCLs 

are anticipated. With ongoing research efforts, it is expected 

that Nano QCLs will find new applications, helping solve 

complex real-world problems and contributing to 

advancements in science and technology [17]. 

Optoelectronics refer to a  branch of electronics that deals 

with Feedback, and it is a fundamental concept in electronics 

and plays a crucial role in improving the performance of 

electronic systems [18] [19]. Negative optoelectronics 

feedback refers to the use of feedback loops in optoelectronic 

devices to enhance their performances and stabilities 

[20][21]. Optoelectronics refers to the branch of electronics 

that deals with the control, generation, and detection of light, 

such as in  lasers, light-emitting diodes (LEDs), and 

photodetectors. Negative optoelectronics feedback can also 

be employed to stabilize the output intensity of  laser [22]. 

Optoelectronics feedback is a technique that was used to 

achieve synchronization by employing optical signals. It 

utilizes the properties of light, such as speed, reliability, and 

high bandwidth, to facilitate the transfer of information and 

coordination among components. Optoelectronics feedback 

systems consist of a light source, a photodetector, and an 

electronic feedback loop that detects and adjusts the phase or 

frequency of the optical signal. The feedback loop ensures 

that the system remains in a synchronized state by 

continuously correcting any deviation from the desired 

synchronization pattern [23.24].Chaos synchronization is an 

emerging field that deals with the study of synchronizing 

chaotic systems. Chaotic systems are nonlinear and 

inherently complex, displaying sensitive dependence on 

initial conditions. Over the years, researchers have made 

significant progress in understanding the principles of chaos 

synchronization, leading to various applications in numerous 

fields. One of the prominent and widely studied applications 

of chaos synchronization is in secure communication 

systems, Purcell factor which enhances or suppresses the 

spontaneous emission factor, by which the lifetime of photon 

emission is shortened [25]. 
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Fig. 1: Nano quantum cascade lasers design [9]. 

 

In this paper, a theoretical study about the synchronization 

of multiple transmitter-receiver nano quantum cascade 

lasers was presented for the first time to my knowledge. The 

motivation behind the present work was the need for a 

small, integrated, and efficient source with excellent 

dynamic and static properties in many emerging areas of 

processing photonic signals. 

 

II.  SYSTEM MODEL 

       The proposed system consists of a pair of transmitters 
and a pair of receivers. Each one consists of a cascade 
nanoscale quantum laser, a photodetector, and an amplifier. 
As showed in the coming equations and figures, part of the 
laser output from any transmitter transmitted to the laser 
itself as a feed. The other part collected by the part coming 
from the second transmitter laser and conveyed to the 
transmitting lasers equally.  Thus, the resulted current added 
to the current of the laser device. 

TNQCL 1, TNQCL 2: transmitters Nano quantum cascade 
lasers. PDT1,2: photodetector for transmitters. PDR1,2 
photodetector for receivers. AT1,2: amplifiers for transmitters. 
AR1,2: amplifiers for receivers. can be stated using the rate 
equation that as follow. 

 

 

𝑑𝑆𝑇1

𝑑𝑡
=

𝑁𝐺(𝑁3𝑇1 − 𝑁2𝑇1)𝑆𝑇1 −
𝑆𝑇1

𝜏𝑝
+ (𝑁𝐺𝑁1𝑇1𝑆𝑇1)

𝛽𝑁3𝑇1  

𝜏𝑠𝑝
(𝑆𝑇1 +

1) + 𝑁𝐺𝑁3𝑇1𝑆𝑇1                                                                                                        (1)  

 

𝑑𝑁3𝑇1

𝑑𝑡
= 𝜂

𝐼

𝑞
(1 + [𝜁𝑇1𝑆𝑇1(𝑡 − 𝜏𝑇1) + 𝜁𝑐𝑃𝑅1 

𝑆𝑅1(𝑡 − 𝜏𝐶) +

𝜁 𝑐𝑃𝑅2 
𝑆𝑅2(𝑡 − 𝜏𝐶)] −

𝑆𝑇1𝛽𝑁3𝑇1

𝜏𝑠𝑝
− 𝐺(𝑁3𝑇1 

− 𝑁2𝑇1 
) 𝑆𝑇1   −

 𝑁𝐺𝑁3𝑇1𝑆𝑇1                                                     ( )    

 

 

 

 

Fig. 2: Displays an illustration of a synchronization system schematic. 

 

                                                             

𝑑𝑁2𝑇1 

𝑑𝑡
=

𝑁3𝑇1

𝜏32
−

𝑁2𝑇1

𝜏21
+ 𝐺(𝑁3𝑇1 − 𝑁2𝑇1)𝑆𝑇1                  ( )     

 

𝑑𝑁1𝑇1

𝑑𝑡
=

𝑁3𝑇1 

𝜏31
− 

𝑁2𝑇1

𝜏21
−

𝑁1𝑇1

 𝜏𝑜𝑢𝑡
                                                  ( )   

 

𝑑𝑆𝑅1

𝑑𝑡
=

𝑁𝐺(𝑁3𝑅1 − 𝑁2𝑅1)𝑆𝑅1 −
𝑆𝑅1

𝜏𝑝
+ (𝑁𝐺𝑁1𝑅1𝑆𝑅1)

𝛽𝑁3𝑅1  

𝜏𝑠𝑝
(𝑆𝑅1 +

1) + 𝑁𝐺𝑁3𝑅1𝑆𝑅1                                                                                    ( )  
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𝑑𝑁3𝑅1

𝑑𝑡
= 𝜂

𝐼

𝑞
(1 + [𝜁𝑅1𝑆𝑅1(𝑡 − 𝜏𝑅1) + 𝜁𝑐𝑃𝑇1 

𝑆𝑇1(𝑡 −

𝜏𝐶) + 𝜁 𝑐𝑃𝑇2 
𝑆𝑇2(𝑡 − 𝜏𝐶)] −

𝑆𝑅1𝛽𝑁3𝑅1

𝜏𝑠𝑝
− 𝐺(𝑁3𝑅1 

−

𝑁2𝑅1 
) 𝑆𝑅1 − 𝑁𝐺𝑁3𝑅1𝑆𝑅1                                                                 ( )                                                        

                                                                                             

ⅆ𝑁2𝑅1 

ⅆ𝑡
=

𝑁3𝑅1

𝜏32

−
𝑁2𝑅1

𝜏21

+ 𝐺(𝑁3𝑅1 − 𝑁2𝑅1)𝑆𝑅1                 ( ) 

 
   
                                                                    

𝑑𝑁1𝑅1

𝑑𝑡
=

𝑁3𝑅1 

𝜏31
− 

𝑁2𝑅1

𝜏21
−

𝑁1𝑅1

𝜏𝑜𝑢𝑡
                                              (8)    

                                                                                                   

𝑑𝑆𝑇2

𝑑𝑡
=

𝑁𝐺(𝑁3𝑇2 − 𝑁2𝑇2)𝑆𝑇2 −
𝑆𝑇2

𝜏𝑝
+ (𝑁𝐺𝑁3𝑇2𝑆𝑇2)

𝛽𝑁3𝑇2  

𝜏𝑠𝑝
(𝑆𝑇2 +

1) + 𝑁𝐺𝑁3𝑇2𝑆𝑇2                                  

                                                                                                             (9)                                                                         

 

𝑑𝑁3𝑇2

𝑑𝑡
= 𝜂

𝐼

𝑞
(1 + [𝜁𝑇2𝑆𝑇2(𝑡 − 𝜏𝑇2) + 𝜁𝑐𝑃𝑅1 

𝑆𝑅1(𝑡 − 𝜏𝐶) +

𝜁 𝑐𝑃𝑅2 
𝑆𝑅2(𝑡 − 𝜏𝐶)] −

𝑆𝑇2𝛽𝑁3𝑇2

𝜏𝑠𝑝
− 𝐺(𝑁3𝑇2 

− 𝑁2𝑇2 
) 𝑆𝑇2 −

𝑁𝐺𝑁3𝑇2𝑆𝑇2                                                                                    (10)    

                                                                                                  

𝑑𝑁2𝑇2 

𝑑𝑡
=

𝑁3𝑇2

𝜏32
−

𝑁2𝑇2

𝜏21
+ 𝐺(𝑁3𝑇2 − 𝑁2𝑇2)𝑆𝑇2                  (11)                  

                                                                                                             
𝑑𝑁1𝑇2

𝑑𝑡
=

𝑁3𝑇2 

𝜏31
− 

𝑁𝑇2

𝜏21
 

𝑁𝑇2

𝜏 𝑜𝑢𝑡
                                                            (1 ) 

 

𝑑𝑆𝑅2

𝑑𝑡
=

𝑁𝐺(𝑁3𝑅2 − 𝑁2𝑅2)𝑆𝑅2 −
𝑆𝑅2

𝜏𝑝
+ (𝑁𝐺𝑁3𝑅2𝑆𝑅2)

𝛽𝑁3𝑅2  

𝜏𝑠𝑝
(𝑆𝑅2 +

1) + 𝑁𝐺𝑁3𝑅2𝑆𝑅2                                                                      (1 )  

        

𝑑𝑁3𝑅2

𝑑𝑡
= 𝜂

𝐼

𝑞
(1 + [𝜁𝑅2𝑆𝑅2(𝑡 − 𝜏𝑅2) + 𝜁𝑐𝑃𝑇1 

𝑆𝑇1(𝑡 − 𝜏𝐶) +

𝜁 𝑐𝑃𝑇2 
𝑆𝑇2(𝑡 − 𝜏𝐶)] −

𝑆𝑅2𝛽𝑁3𝑅2

𝜏𝑠𝑝
− 𝐺(𝑁3𝑅2 

− 𝑁2𝑅2 
) 𝑆𝑅2 −

𝑁𝐺𝑁3𝑅2𝑆𝑅2                                                                                (1 )                                                                                               

 
𝑑𝑁2𝑅2 

𝑑𝑡
=

𝑁3𝑅2

𝜏32
−

𝑁2𝑅2

𝜏21
+ 𝐺(𝑁3𝑅2 − 𝑁2𝑅2)𝑆𝑅2                    (15)                                                                                   

 
𝑑𝑁1𝑅2

𝑑𝑡
=

𝑁3𝑅2 

𝜏31
− 

𝑁𝑅2

𝜏21
−

𝑁𝑅2

𝜏𝑜𝑢𝑡
                                                   (1 )  

Here, the indices T1,2 represent the first and second 
transmitters, R1,2 the first and second receivers and ,N3, N2, 
and N1 are the carrier numbers in levels 3, 2, and 1, 
respectively. q is the electron's charge. The injection current 
is Iin, and the injection rate is η. In laser circuits, 𝜏𝑇1,2,𝑅1,2 is 
the feedback delay time, 𝜏𝐌P1, 𝜏𝐶P2 are the transmission times 
between TNQCL1, TNQCL2 and RNQCL1, RNQCL2. The 
photon lifetime is τp, the spontaneous emission factor is β, 

the gain coefficient is G, and the phonon scattering times 
between levels are τ31, τ32, and τ21. The carriers tunneling 
time is τ out. Z represents the gain stages number; 𝜁𝑇1, 𝜁𝑇2 are 
the feedback to quantitatively assess the synchronization 
quality between any transmitter and receiver laser, we utilize 
a correlation coefficient denoted as ρ. 

 

 1 =
〈 𝑆𝑇1(𝑡) − 〈𝑆𝑇1(𝑡)〉   𝑆𝑅(𝑡) −  〈𝑆𝑅1(𝑡)〉 〉 

〈|𝑆𝑇1(𝑡) − 〈𝑆𝑇1(𝑡)〉|
2〉

1
2〈|𝑆𝑅(𝑡) − 〈𝑆𝑅1(𝑡)〉|

2〉
1
2

     (1 ) 

                                                                                   

 

  =
〈 𝑆𝑇2(𝑡) − 〈𝑆𝑇2(𝑡)〉   𝑆𝑅(𝑡) −  〈𝑆𝑅1(𝑡)〉 〉 

〈|𝑆𝑇2(𝑡) − 〈𝑆𝑇2(𝑡)〉|
2〉

1
2〈|𝑆𝑅(𝑡) − 〈𝑆𝑅1(𝑡)〉|

2〉
1
2

     (1 ) 

 

  =
〈 𝑆𝑅1(𝑡) − 〈𝑆𝑅1(𝑡)〉   𝑆𝑇1(𝑡) − 〈𝑆𝑇1(𝑡)〉 〉 

〈|𝑆𝑅1(𝑡) − 〈𝑆𝑅1(𝑡)〉|
2〉

1
2〈|𝑆𝑇1(𝑡) − 〈𝑆𝑇1(𝑡)〉|

2〉
1
2

    (1 ) 

 

  =
〈 𝑆𝑅2(𝑡) − 〈𝑆𝑅2(𝑡)〉   𝑆𝑇2(𝑡) − 〈𝑆𝑇2(𝑡)〉 〉 

〈|𝑆𝑅2(𝑡) − 〈𝑆𝑅2(𝑡)〉|
2〉

1
2〈|𝑆𝑇2(𝑡) − 〈𝑆𝑇2(𝑡)〉|

2〉
1
2

    (  ) 

 

III. RESULTS AND DISCUSSION  

       The  primary goal of this paper was to examine how well 
synchronization workd in nano quantum cascade lasers, with 
a special emphasis on the roles t of the Purcell factor F and 
the spontaneous emission coupling factor β play. The 
dynamics of the nano lasers are examined for the device 
parameters in Table 1 and the results presented here  were 
assessed using the rate equations (1)– (20). 

 

Fig. 3.  shows the results of present simulation according to 

solve the theoretical model that suggested in an open-loop 

optoelectronic feedback circuit. The chaotic temporal 

waveforms, phase portrait, and correlation plot between the 

RNQCL and TNQCL waveforms with ρ=1 were presented. 

TABLE 1. PARAMETER VALUES USED FOR 

SYNCHRONIZATION CALCULATIONS [13]. 

 

Symbol Value Unit 

     η 0.4  

     β  3.99  

     N       20  

     F    10  

     I 0.5 mA 

    G 1.2×105 s-1 

    𝛕𝐬𝐩𝟎 1×10-9 Ns 

     𝝉𝒑 0.26×10-12 Ps 

     𝝉𝟑𝟐 0.26×10-12 Ps 

     𝝉𝟑𝟏 0.26×10-12 Ps 

     𝝉𝟐𝟏 0.5×10-12 Ps 

     𝝉𝒐𝒖𝒕 0.54×10-12 Ps 
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Under match conditions between all lasers, fully coupled 

two lasers produced extremely complex chaotic outputs. 

Similar variation properties between TNQCL and RNQCL 

were noticed, indicating that the system can realize 

synchronization under the previously chosen values. The 

low values of bias injection current and photon lifetime, 

respectively, are the causes of the low carrier number and 

photon number. From the results in the figure, during the 

transmission of secure encrypted messages in other types of 

lasers, the quality of the received messages was related to 

the quality of synchronization between the lasers. From the 

results in the figure, we can clearly see that the proposed 

system is perfectly suitable for transmitting secure 

encrypted messages between sending and receiving lasers. 

According to the results, secure messages can be transmitted 

between any pair of sending-receiving lasers due to their 

complete synchronization. Eqs. 17-20 were used to calculate 

the quality of synchronization between the transmitting and 

receiving lasers. The quality of synchronization was through 

the diagonal line and at the angle 45 between the transmitter 

photons and the receiver photons. 

 

 
 
Fig.3: Phase portrait, chaotic temporal waveforms, and the correlation plot 

between the waveforms of TNQCL1, TNQCL2 and RNQCL , RNQCL 2 

with, 𝜏𝑇 = 𝜏𝑅 = 𝜏𝐶 =       and ρ 1=ρ2= ρ3=1 

 

Fig. 4. represents the effect of the spontaneous emission 

factor on chaotic synchronization when its value is different 

between the receiver laser and the transmitter laser. The 

difference in the value of the factor means the difference in 

the amount of contribution of spontaneous emission to the 

laser output and thus a difference in the number of photons 

generated in each laser. Because synchronization is very 

sensitive to the initial conditions, we noticed a complete 

difference in the performance of each laser. Two important 

things must be pointed out here. First, during this study we 

did not present a formula to describe the relationship 

between Purcell factor to the spontaneous emission factor 

because the relationships are multiple, and their studies are 

still ongoing due to the novelty of the topic. The other thing 

is that a large value of the spontaneous emission coefficient 

reduces the number of carriers, as shown in the figures, 

unlike the case in lasers with a small value. 

 

 
 

Fig.4. Phase portrait, chaotic temporal waveforms, and the correlation plot 

between the waveforms of TNQCL1, TNQCL2 and RNQCL, RNQCL2 

with, 𝜏𝑇 = 𝜏𝑅 = 𝜏𝐶 =       and ρ 1=ρ2=, ρ3= ρ4= 0.0241 

 

Fig. 5. represents the effect of the Purcell factor on chaotic 

synchronization when its value is equal to 10 in all 

transmitter lasers and 40 in the all receiver lasers. The 

difference in the value of the factor lead to a difference in 

the spontaneous emission time in the nan cavity and thus a 

difference in the generated instantaneous photons that 

contribute to the laser output. When calculating the coupling 

coefficient, we found it equal to 0.0332. Plotting the photons 

of the transmitting lasers with the receiver, we clearly found 

that the synchronization disappeared because the 

synchronization process was very sensitive to the initial 

conditions of the factors presenting in the rate equations 

model. 

 

From Table 2, we can see that the weak effect of the 

feedback coefficients and delay times on the chaos 

synchronization. These results were noted in several 

previous works. Also, Table 3. shows that the effect of delay 

times values on the chaos synchronization. The Purcell 

factor, which affects the spontaneous emission rate, can 

impact the synchronization behavior of quantum systems in 

the presence of delay times. A high Purcell factor can 
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mitigate the negative effects of delay times by enhancing the 

probability of synchronized photon emissions, thereby 

improving synchronization quality. 
 

 
 
Fig. 5. Phase portrait, chaotic temporal waveforms, and the correlation plot between the waveforms 

of TNQCL1, TNQCL2 and RNQCL1, RNQCL2 with  𝜏𝑇 =  =  𝜏𝑅 = 𝜏𝐶 =       and ρ 1= ρ2=, 

ρ3= ρ4=0.0332 

 

 

 
 

IIII.     CONCLUSIONS 

       With the use of four Nano quantum cascade lasers with 

negative optoelectronic feedback, chaos synchronization is 

theoretically investigated. The purpose of this study was to 

examine the quality of chaos synchronization and the effects 

of the Purcell factor, spontaneous emission factor, feedback 

coefficients, and coupling coefficients using a full rate 

equations model with a Purcell factor. The synchronization 

quality found to be significantly impacted by the Purcell 

factor and spontaneous emission factor, but was affected 

weakly by the delay times. Since the synchronization is 

sensitive to the initial conditions, the correlation coefficient 

can also be increased when the Purcell factor and 

spontaneous emission factor are the same in all lasers. 
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